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A LAX PAIR STRUCTURE
FOR THE HALF-WAVE MAPS EQUATION
PATRICK GE´RARD AND ENNO LENZMANN
Abstract. We consider the half-wave maps equation
∂t ~S = ~S ∧ |∇|~S,
where ~S = ~S(t, x) takes values on the two-dimensional unit sphere S2 and x ∈ R
(real line case) or x ∈ T (periodic case). This an energy-critical Hamiltonian evo-
lution equation recently introduced in [8, 16], which formally arises as an effective
evolution equation in the classical and continuum limit of Haldane–Shastry quan-
tum spin chains. We prove that the half-wave maps equation admits a Lax pair
and we discuss some analytic consequences of this finding. As a variant of our
arguments, we also obtain a Lax pair for the half-wave maps equation with target
H
2 (hyperbolic plane).
Keywords: Integrable Systems, Half-Wave Maps, Haldane–Shastry model, Calogero–
Moser–Sutherland model.
1. Introduction and Main Results
Spin chains – both in quantum and classical versions – arise as fundamental models in
the study of exactly solvable and completely integrable systems. For instance, the classical
Heisenberg model (HM) for ferromagnets in one space dimension provides a prototype of
a completely integrable classical spin system; see [3,7,15].
In this note, we are concerned with a new evolution equation for classical spins recently
introduced in [8, 16], which we will refer to as the half-wave maps equation following
[8]. This equation has some similarities to (HM) and yet it shows a completely different
mathematical features in many aspects (e. g., traveling solitary waves given by rational
functions and energy-criticality of the evolution problem). In fact, the half-wave maps
equation can be – formally, at least – obtained from taking a combined classical and
continuum limit from a quantum spin chain of Haldane–Shastry (HS) type introduced
in [6, 13]. Our main result shown below will yield a Lax pair for the half-wave maps
equation, which will involve certain suitable nonlocal operators.
Let us now introduce the mathematical framework to formulate the problem at hand.
We consider a time-dependent field of classical spins ~S = ~S(t, x) ∈ R3 defined for either
x ∈ R (real line case) or x ∈ T = R/2πZ (periodic case). Without loss of generality, we
assume that the classical spins are normalized to unit length, i. e., we have that ~S(t, x) ∈ S2
holds. For the spin field ~S = ~S(t, x), we consider the half-wave maps equation given by
(HWM) ∂t~S = ~S ∧ |∇|~S.
Here ∧ denotes the usual vector product in R3. The (pseudo-differential) operator |∇| is
defined via its corresponding multiplication symbol in Fourier space, i. e.,
(̂|∇|f) =
{|ξ|f̂(ξ) (x ∈ R, real line case)
|n|f̂n (x ∈ T, periodic case).
Here ·̂ denotes the Fourier transform for functions either defined on R or T, respectively.
The formal derivation of (HWM) from a quantum spin chain model of Haldane–Shastry
type will be sketched in Section 2 below, followed by a brief summary about the traveling
solitary waves for (HWM) recently studied in [8].
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In analogy to the classical Heisenberg model, the half-wave maps equation comes with
a Hamiltonian structure where energy functional in our case reads
(1.1) E[~S] =
1
2
ˆ
~S · |∇|~S dx.
The corresponding Poisson bracket for the S2-valued function ~S = (S1, S2, S3) is given by
(1.2) {Si(x), Sj(y)} = εijkSk(x)δ(x− y),
where εijk denotes the standard anti-symmetric Levi–Civita` symbol. As a consequence,
the (HWM) can be (formally) written as ∂tS = {S, E} in analogy to the Heisenberg model.
Furthermore, it is straightforward to check that (HWM) exhibits formal conservation of
total spin and linear momentum, due to the rotational invariance (on the target S2) and
translational invariance on the domain; see [8] for details.
From the point of view of PDE analysis, the evolution problem (HWM) is energy-critical
since the scaling transform
~S(t, x) 7→ ~Sλ(t, x) = ~S(λt, λx)
maps solutions into solutions, whereas the energy E[~Sλ] = E[~S] stays invariant under
this transformation. Such a critical scaling behavior is in striking contrast to the one-
dimensional Heisenberg model (HM), which is energy-subcritical. As a consequence, the
existence of unique global-in-time solutions for the half-wave maps equation is much more
delicate. In particular, a possible singularity formation (blowup) of smooth solutions
cannot be simply ruled out by using energy conservation.
Let us now turn to the issue of complete integrability for the half-wave maps equation,
where we will show below that (HWM) admits a Lax pair. As in the study of the classical
Heisenberg model, it turns out to be expedient to first formulate the problem by using
the standard Pauli matrices σ1, σ2, σ3 ∈ su(2). For a given vector ~X ∈ R3, we define the
2× 2–matrix given by
X = ~X · σ =
3∑
j=1
Xjσj =
(
X3 X1 − iX2
X1 + iX2 −X3
)
.
with the usual notation σ = (σ1, σ2, σ3). Clearly, we have that X
∗ = X is a Hermitian
2 × 2–matrix with vanishing trace TrX = 0. For the reader’s convenience, we recall
some standard facts when dealing with Pauli matrices. From the fundamental relation
σjσk = δjk1+ iεjklσl (where 1 denotes 2× 2–unit matrix) we obtain
(1.3) ( ~X · σ)(~Y · σ) = ( ~X · ~Y )1+ i( ~X ∧ ~Y ) · σ.
for arbitrary vectors ~X, ~Y ∈ R3. As a direct consequence of this, we readily deduce that
(1.4) S2 = 1 if and only if |~S|2 = 1.
Furthermore, we see that (HWM) can be equivalently written as
(1.5) ∂tS = − i
2
[S, |∇|S],
where [A,B] = AB − BA denotes the commutator of A and B. Clearly, this matrix-
valued formulation as a commutator equation bears a strong resemblance to the equa-
tion ∂tS = − i2 [S, d
2
dx2
S] used to prove the complete integrability of the one-dimensional
Heisenberg model (HM) by Takthajan in [15]. However, the presence of the nonlocal
pseudo-differential operator |∇| in equation (1.5) makes the search for a Lax pair a rather
different task.
To formulate the operators for the Lax pair of the half-wave maps equation, we intro-
duce the following notation in order to avoid any potential ambiguities in the expressions
below. Suppose that ~A = ~A(t, x) ∈ R3 is a given function and let A = ~A · σ denote the
corresponding function with values in the Lie algebra su(2). We use µA to denote the
multiplication operator for A acting on functions ϕ = ϕ(x) with values in C2, i. e., we set
(µAϕ)(t, x) = A(t, x)ϕ(x).
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Given a spin field ~S = ~S(t, x), we are now ready to define the following pair of operators
LS and BS as follows
(1.6) LS = [H,µS ] and BS = − i
2
(µS |∇|+ |∇|µS) + i
2
µ|∇|S .
The operators LS and BS are formally defined on the complex Hilbert space L
2(X;C2),
where either X = R (real line case) or X = T (periodic case). Furthermore, the operator
H denotes the Hilbert transform defined through the principal value expression given by
(Hf)(x) =

p.v.
1
π
ˆ
R
f(y)
x− y dy (x ∈ R, real line case)
p.v.
ˆ
T
f(y) cot
(x− y
2
)
dy (x ∈ T, periodic case).
In (1.6) above and throughout the following, the Hilbert transform H has to be understood
to act as Hϕ = (Hϕ1,Hϕ2) on each of the components of ϕ ∈ L2(X;C2). Since H∗ = −H
is skew-symmetric and (µA)
∗ = µA is symmetric, we readily deduce the (formal) properties
(LS)
∗ = LS and (BS)
∗ = −BS .
In fact, we will see below that LS is a Hilbert–Schmidt operator if and only if ~S has
finite energy. On the other hand, the operator BS is clearly an unbounded operator to be
defined on some suitable dense subset of L2(X;C2).
The main result of this paper shows that LS andBS provide a Lax pair for the half-wave
maps equation.
Theorem 1 (Lax Pair of the Half-Wave Maps Equation). Let ~S = ~S(t, x) be a sufficiently
regular solution of (HWM) with either x ∈ R (real line case) or x ∈ T (periodic case).
Then the following Lax equation holds true:
d
dt
LS = [BS , LS ],
where the operators LS and BS are defined in (1.6) above.
Proof. We first recall that dµS/dt = − i2 [µS , µ|∇|S ] from (1.5). By using Jacobi’s identity
[A, [B,C]] + [C, [A,B]] + [B, [C,A]] ≡ 0, we get
(1.7)
d
dt
LS = − i
2
[H, [µS , µ|∇|S ]] =
i
2
(
[µS , [µ|∇|S , H ]] + [µ|∇|S , [H,µS ]]
)
.
Next, from Cotlar’s product identity H(fg) = Hfg + fHg + H(HfHg) for the Hilbert
transform we deduce
(1.8) [µ|∇|S ,H ] = −
(
µH|∇|S +HµH|∇|SH
)
= µ∂xS +Hµ∂xSH,
where we also used that H |∇| = −∂x holds. Hence can write the time derivative of LS as
(1.9)
d
dt
LS =
i
2
[µS , µ∂xS +Hµ∂xSH ] +
i
2
[µ|∇|S , LS ].
It remains to show that the first commutator on right-hand side can be written as a
commutator with LS . This can be seen as follows. Using |∇| = H∂x again, we get
(1.10) [µS |∇|, µSH ] = [µSH∂x, µSH ] = µSH [∂x, µS ]H = µSHµ∂xSH,
where in the last step we used [∂x, µS ] = µ∂xS by Leibniz’ rule. On the other hand, in
view of µSµS = 1 by (1.3) and (1.4) together with H∂xH = H
2∂x = −∂x, we see that
[µS |∇|, HµS ] = [µSH∂x,HµS ] = µSH∂xHµS −HµSµSH∂x
= −µS∂xµS + ∂x = −µS [∂x, µS ] = −µSµ∂xS .
Recall now the definition LS = HµS − µSH . Thus if we now combine (1.10) with the
identity found above, we deduce the identity
(1.11) [µS |∇|, LS ] = −µSµ∂xS − µSHµ∂xSH
Since (LS)
∗ = LS , we can take adjoints to calculate [|∇|µS , LS ]. However, it is also
interesting to make the computation directly, namely
[|∇|µS ,HµS ] = [∂xHµS , HµS] = [∂x,HµS ]HµS = Hµ∂xSHµS ,
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and
[|∇|µS , µSH ] = [H∂xµS , µSH ] = H∂xµSµSH − µSH∂xHµS
= −∂x + µS∂xµS = µS [∂x, µS ] = µSµ∂xS = −µ∂xSµS ,
where last identity follows from differentiating µSµS = 1. Thus we conclude that
(1.12) [|∇|µS , LS ] = µ∂xSµS +Hµ∂xSHµS .
By adding (1.11) and (1.12), we arrive at
[µS |∇|+ |∇|µS , LS ] = −[µS , µ∂xS +Hµ∂xSH ].
If we now recall the definition of the operator
BS = − i
2
(µS |∇|+ |∇|µS) + i
2
µ|∇|S ,
we deduce from (1.9) that dLS/dt = [BS , LS ] holds, as desired.
The proof of Theorem 1 is now complete. 
We now discuss some direct consequences of Theorem 1.
Corollary 1. We have the following (formal) conservation laws:
Tr(|LS |p) = const.
for any 1 ≤ p <∞.
Remarks. 1) Consider the real line case when x ∈ R. Then the operator LS has the
symmetric kernel
KS(x, y) =
1
π
S(x)− S(y)
x− y ∈ C
2×2.
Using that TrC2(AA
∗) = 2| ~A|2 thanks to (1.3), we find that the squared Hilbert–Schmidt
norm of the Lax operator LS is given by
(1.13) Tr(|LS |2) = 2
π2
ˆ ˆ
R×R
|~S(x)− ~S(y)|2
|x− y|2 dx dy =
8
π
E[~S],
where we used the well-known identityˆ
R
f |∇|f dx = 1
2π
ˆ ˆ
R×R
|f(x)− f(y)|2
|x− y|2 dx dy.
Hence Tr(|LS |2) is equal to the conserved energy E[~S] for (HWM) (up to a multiplicative
constant). Moreover, we deduce that LS is Hilbert–Schmidt if and only if E[~S] < +∞.
2) In the periodic case when x ∈ T, an analogous calculation yields that
Tr(|LS |2) = 2
ˆ ˆ
T×T
|~S(x)− ~S(y)|2 cot2
(x− y
2
)
dx dy
= 2
ˆ ˆ
T×T
|~S(x)− ~S(y)|2
sin2( 1
2
(x− y)) dx dy − 2
ˆ ˆ
T×T
|~S(x)− ~S(y)|2 dx dy
= 8πE[~S] + 4
∣∣∣∣ˆ
T
~S(x) dx
∣∣∣∣2 − 16π2,
which amounts to a combination of the conserved energy and the square of the conserved
total spin
´
T
~S, plus some numerical constant. Again, we see that LS is Hilbert-Schmidt
if and only if ~S has finite energy.
3) More generally, by decomposing L2(X,C) = L2+(X,C)⊕L2−(X,C) according to the
sign of the Fourier spectrum, it is easy to make the link between operators LS and Hankel
operators with matrix symbols given by symbols S; see Peller [11]. As a consequence
from Peller’s theorem [10], we conclude (both in real line and the periodic case) that the
following norm equivalence to homogeneous Besov norms of ~S holds:
(1.14) Tr(|LS |p) ∼ ‖~S‖p
B˙
1/p
p,p
.
In particular, applying this result for p = 1, if the initial value of ~S is smooth enough, then
|∇|~S, ∂x~S and ∂t~S are uniformly bounded in L1(X,R3) for t in the interval of existence
of the solution.
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4) As an instructive example, let us explicitly compute the Lax operator for the profile
~Qv : R → S2 of a traveling solitary wave of degree m = 1; see Section 2 below for more
details on solitary waves for the half-wave maps equation. As a traveling solitary wave
profiles of degree m = 1 with velocity v ∈ R and |v| < 1, we can take (without loss of
generality) the following function
~Qv(x) = (αvf(x), αvg(x), v) =
(
αv
x2 − 1
1 + x2
, αv
−2x
1 + x2
, v
)
with αv =
√
1− v2.
With the help of the singular integral expression for H , we verify the commutator formulas
[H,f ]u = 〈ψ,u〉ϕ+ 〈ϕ, u〉ψ, [H, g]u = −〈ϕ, u〉ϕ+ 〈ψ, u〉ψ,
with the functions ϕ(x) =
√
2
pi
1
1+x2
, ψ(x) =
√
1
2pi
2x
1+x2
, and 〈·, ·〉 being the scalar product
on L2(R;C). Hence it follows that the corresponding Lax operator for ~Qv is found to be
LQv = [H,αvf ]σ1 + [H,αvg]σ2 + [H, v]σ3 = αv
[
0 [H, f ]− i[H, g]
[H, f ] + i[H, g] 0
]
acting on L2(R;C2) = L2(R;C) ⊕ L2(R;C). It is evident that the range of LQv belongs
to the four-dimensional space spanned by orthonormal basis {(ϕ
0
)
,
(
ψ
0
)
,
(
0
ϕ
)
,
(
0
ψ
)}. With
respect to this basis, it is easy to check that LQv has the corresponding matrix
M = αv

0 0 +i 1
0 0 1 −i
−i 1 0 0
1 +i 0 0
 .
Its eigenvalues (counting multiplicities) are found to be λ1 = −2αv , λ2 = λ3 = 0, λ4 =
+2αv. Thus the spectrum of the corresponding Lax operator of ~Qv is found to be
spec (LQv ) = {0,−2αv,+2αv} with αv =
√
1− v2.
Also note that Tr(|LQv |2) = 8α2v = (1 − v2)E[ ~Qv]/π, which is of course in accordance
with relation (1.13) above and identity (2.9) below.
Using Kronecker’s theorem characterizing finite rank Hankel operators [11], another
fundamental consequence of Theorem 1 is as follows.
Corollary 2. Let ~S = ~S(t, x) solve (HWM) for every t in an interval I containing 0.
• If x ∈ R and ~S(0, x) is a rational function of x, then so is ~S(t, x) for every t ∈ I.
• If x ∈ T and ~S(0, x) is a rational function of eix, then so is ~S(t, x) for every t ∈ I.
Remark. In fact, the rank of LS (which is constant in time by the Lax equation) can be
used to bound the number of poles of the rational functions in the components of ~S(t, x).
In particular, we expect multi-soliton solutions for the half-wave maps equation in the
subset of rational solutions.
Acknowledgments. P.G. was supported by the French A.N.R. through grant ANAE
13-BS01-0010-03. E. L. was supported by the Swiss National Science Foundation (SNF)
through Grant No. 200021-169646. Furthermore, E. L. is grateful to E. Langmann and
M. Stone for pointing out reference [16]. The authors wish to thank for the kind hospitality
of the Mathematisches Forschungsinstitut Oberwolfach (MFO) during their stay in June
2017. Finally, we thank the anonymous referee for useful comments on this paper.
2. Link to Haldane–Shastry Models and Solitary Waves
2.1. Relation to Haldane–Shastry Models. Following [8] and [16], we explain how
the evolution equation (HWM) can be formally obtained from a discrete quantum spin
system of Haldane–Shastry (HS) type by taking the classical (large-spin) limit followed
by taking the continuum limit. Let us also mention that HS-type model have a close
connection to Calogero–Moser–Sutherland models which have been intensively studied in
the past decades; see [14] for a review on these models.
To illustrate this procedure, we consider the periodic setting on T. (The formal argu-
ments here carry over to the real line case R with some modifications.) Let N ≥ 2 be
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an integer and divide T by introducing equally spaced lattice points xj = 2πik/N with
k = 1, . . . , N and x0 ≡ xN mod 2π. At each site xj ∈ T, we attach a quantum spin of size
s ∈ 1
2
N (integer or half-integer) and we consider the quantum Hamiltonian HHS defined
as
(2.1) HHS =
N∑
j<k
1− ~S(xj) · ~S(xk)
sin2[ 1
2
(xj − xk)]
,
acting on the Hilbert space H = (C2s+1)⊗N (the N-fold tensor product of C2s+1). Note
that sin2( 1
2
(xj−xk)) = 12 |eixj−eixk |2 is proportional to the squared chord distance between
the points eixj and eixk on the unit circle S1. Here ~S(xj) = (S1(xj), S2(xj), S3(xj)) is the
quantum spin operator associated to site xj , where its entries are given by the generators
of the spin-s-representation of su(2) acting on C2s+1, rescaled by s−1 for later convenience.
(For s = 1/2, the operators Si are given by the Pauli matrices σi acting on C
2.) We have
the general commutation relations
(2.2) [Sα(xj), Sβ(xk)] =
i
s
εαβγSγ(xj)δjk.
In summary, the above Hamiltonian HHS defines a Haldane–Shastry type quantum spin
chain with long-range 1/|x|2 interactions of ferromagnetic type (because aligning the spins
in the same direction is energetically favorable).
Now we study the classical (large-spin) limit by passing to s → +∞ (which can also
viewed as a semi-classical limit with parameter ~ = s−1 → 0). In heuristic terms, this
passage amounts to replacing the quantum spins by classical spin variables ~S(xj) ∈ S2,
i. e., unit vectors in R3. We refer to e. g. to [4, 9] where semi-classical spin limits were
rigorously studied in the context spin dynamics (with smooth short-ranged interactions)
and partition functions for spin systems, respectively. In summary, we (formally at least)
obtain as a classical limit of HHS the following Hamiltonian
(2.3) H
(classical)
HS =
N∑
j<k
1− ~S(xj) · ~S(xk)
sin2[ 1
2
(xj − xk)]
,
which is defined on the classical phase space Γ =
∏
xj∈T
S
2 (i. e. the N-fold cartesian
product of S2 with itself). On the space Γ, we have the canonical Poisson bracket which
reads
(2.4) {Sα(xj), Sβ(xk)} = εαβγSγ(xj)δjk.
Using that |~S(xj)|2 = 1, we readily check that the equation of motions ∂t~S(t, xk) =
{S(t, xk),H(classical)HS } are found to be
(2.5) ∂t~S(t, xk) = ~S(t, xk) ∧
 N∑
j 6=k
~S(t, xk)− ~S(t, xj)
sin2[ 1
2
(xj − xk)]

for every k = 1, . . . , N . Now if we pass to the continuum limit N → +∞ so that the
lattices site xj ∈ T range over all of S2, we formally arrive (after a suitable time rescaling
t→ constN−1t) at the half-wave maps equation
(2.6) ∂t~S = ~S ∧ |∇|~S
posed on T, where we recall that the singular integral expression for |∇| in the periodic
setting is (|∇|f)(x) = 1
4pi
p.v.
´
T
f(x)−f(y)
sin2((x−y)/2)
dy for x ∈ T. A rigorous investigation of this
continuum limit procedure passing from (2.5) to (2.6) will be addressed in [1].
With regard to complete integrability, let us mention that the quantum Hamiltonian
HHS is known to admit a (quantum) Lax pair; see [14] for a review on Haldane–Shastry
models. For instance, if we take s = 1/2, the (quantum) Lax operator L̂ has operator-
valued entries that read
L̂jk = i(1− δjk)1+
~S(xj) · ~S(xk)
xj − xl ∈ C
2×2 for k, l = 1, . . . , N.
However, it seems not to be a straightforward procedure (not even formally) to deduce the
right expression for a Lax operator for the classical models given by H
(classical)
HS (discrete
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case) and the half-wave maps equation (continuum case). In fact, to the best of our
knowledge, finding a Lax pair for the discrete classical spin chain given by H
(classical)
HS
has not been achieved yet. A suitably discretized version of LS seems to be a natural
candidate for a Lax operator for H
(classical)
HS .
2.2. Traveling Solitary Waves. A remarkable fact recently found in [8, 16] is that the
half-wave maps equation admits non-trivial traveling solitary wave solutions
(2.7) ~S(t, x) = ~Qv(x− vt),
where the parameter v ∈ R denotes the velocity. It is easy to check that the profile
~Qv = ~Qv(x) has to satisfy the nonlinear equation
(2.8) ~Qv ∧ |∇| ~Qv − v∂x ~Qv = 0.
For the special case of vanishing velocity v = 0, we obtain the so-called half-harmonic
maps equation ~Q ∧ |∇| ~Q = 0. In fact, this equation was recently introduced in [2] by a
completely different motivation coming from conformally invariant problems in the study
of PDE.
From [8] we recall the following explicit classification result for profiles ~Qv : R → S2
with finite energy.
• If |v| < 1, then any profile ~Qv : R→ S2 with finite energy of the form
~Qv(x) =
(√
1− v2 ReB(x),
√
1− v2 ImB(x), v
)
up to rotations on S2 and a complex conjugation symmetry. Here B = B(x+ iy)
is a finite Blaschke product defined on the (closed) upper complex plane C+, i. e.,
we have
B(z) =
m∏
k=1
z − zk
z − zk ,
with some m ∈ N and z1, . . . , zm ∈ C+. Note that m = 0 corresponds to the case
of trivial constant profile ~Qv.
• If |v| ≥ 1, then any profile ~Qv : R→ S2 with finite energy is trivial, i. e.,
~Qv(x) ≡ ~P
for some ~P ∈ S2.
The arguments in [8] exploit a close connection to minimal surfaces inside the unit ball,
where ~Qv(x) arise as a boundary curve on S
2. We remark that the dependence on v
in the expression for ~Qv can be indeed be regarded as a Lorentz boost implemented
by the conformal group (i. e. the Mo¨bius group) acting on the target sphere S2; see [8].
Furthermore, the energy of ~Qv is found to be quantized by multiples of π such that
(2.9) E[ ~Qv] = (1− v2) · πm.
Thus there exist traveling solitary waves for (HWM) with arbitrarily small energy. This is
in stark contrast to other energy-critical dispersive geometric PDEs (e. g. energy-critical
Schro¨dinger maps, wave maps, and Yang–Mills equations) where a certain energy threshold
exists, below which finite-energy solutions scatter to “free” solutions.
Finally, we refer to [8] for a complete spectral analysis of the linearized operator ~Qv in
the static case v = 0.
3. Extension of Results to Target H2
A variant of geometric interest of the half-wave maps equation occurs when the target
two-sphere S2 is replaced by the hyperbolic plane H2, which is a non-compact Ka¨hler
manifold. To formulate the corresponding evolution equation, we regard H2 as embedded
into Minkowsi three-space R1,2 as a unit pseudosphere with positive component X1 > 0,
i. e., we set
(3.1) H2 =
{
~X ∈ R1,2 : −X21 +X22 +X23 = −1, X1 > 0
}
.
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Let (ηij) = diag(−1,+1,+1) denote the Lorentzian metric on R1,2. We define the (non-
definite) inner product
~X ·η ~Y = (η ~X) · Y = −X1Y1 +X2Y2 +X3Y3.
Likewise, we introduce the cross-type product for vectors ~X, ~Y ∈ R1,2 by setting
(3.2) ~X ∧η ~Y = η( ~X ∧ ~Y ) = (−(X2Y3 −X3Y2), X3Y1 −X1Y3, X1Y2 −X2Y1).
Now the half-wave maps equation on R or T with hyperbolic plane target H2 is given by
(HWMH2) ∂t~S = ~S ∧η |∇|~S.
This is a Hamiltonian equation with the corresponding conserved energy
(3.3) Eη[~S] =
1
2
ˆ
~S ·η |∇|~S = 1
2
ˆ
(−(S1|∇|S1) + (S2|∇|S2) + (S3|∇|S3)) .
Note that Eη is not positive definite due to indefinite scalar product ·η .
To show that this equation admits a Lax pair, we proceed as follows. Consider the
matrices
(3.4) ρ1 =
(
i 0
0 −i
)
, ρ2 =
(
0 1
1 0
)
, ρ3 =
(
0 i
−i 0
)
,
which span the Lie algebra su(1, 1). Now given a vector ~X ∈ R1,2, we define the complex
2× 2-matrix given by
(3.5) X˜ = ~X · ρ =
3∑
j=1
Xjρj =
(
iX1 X2 + iX3
X2 − iX3 −iX1
)
.
It is straightforward to verify that
(3.6) ( ~X · ρ)(~Y · ρ) = ( ~X ·η ~Y )1+ ( ~X ∧η ~Y ) · ρ.
In particular, we find that S˜2 = −1 if and only if ~S ·η ~S = −1. Now, we can recast
(HWMH2) into the following form
(3.7) ∂tS˜ =
1
2
[S˜, |∇|S˜].
Theorem 2 (Lax Pair for Half-Wave Maps with Target H2). Let ~S = ~S(t, x) be a suffi-
ciently regular solution of the half-wave maps equation (HWMH2), where either x ∈ R or
x ∈ T. Then the following Lax equation holds true:
d
dt
LS˜ = i[BS˜ , LS˜ ],
where the operators LS˜ and BS˜ are given by (1.6) with S replaced by S˜.
Note the factor of i on the right-hand side. In general, the Lax operator LS˜ is neither
symmetric nor skew-symmetric anymore due to the fact that S˜ is neither Hermitian nor
anti-Hermitian in general.
Proof. The proof of Theorem 1 carries over mutatis mutandis. 
4. Summary and Conclusion
We have proved that the half-wave maps equation
∂t~S = ~S ∧ |∇|~S,
where ~S = ~S(t, x) is valued into the two–dimensional sphere S2 or the two–dimensional
hyperbolic space H2, and x ∈ R or T, enjoys a Lax pair. The Lax operator is connected to
Hankel operators with special matrix symbols. This allowed us to find new conservation
laws equivalent to the homogeneous Besov norms ‖ · ‖
B˙
1/p
p,p
. As another consequence of
the Lax equation, we establish that the subclass rational functions of x ∈ R on the line or
of eix on the circle is conserved by the dynamics. More generally, it is expected that the
inverse spectral theory of Hankel operators developed in [5], [12] for studying dynamics
of the cubic Szego˝ equation will be of valuable help in the study of dynamics of this
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energy-critical half-wave maps equation. We hope to come back to these questions in a
forthcoming paper.
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